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Scheduling by PERT and CPM

7.1 Introduction

\ project s detined as i combmation of iterrelated activities all of
wWhich must be executed 1n g certam order 1o achieve o set poal, A large
and complex project involves usually a number of mterrelated activities
requiming - men, machines  and  matenals It 15 impossible  tor  the
management to make and execute an optimum schedule for such a project ‘
just- by mtuition, based on  the orgamsational capabilinies and work
expenence . A systematic scientfic approach has become a necessity for
such projects So a number of methods applying network scheduling s
techmques  has  been  deve loped.  Programme Evaluation Review "
Technigue (PERT) and Critical Path Mcthod (CPM) are two of the many
network techniques which are widely used for planning, scheduling and

controlhing large complex projects .
I'he three main managerial functions for any project are
I P!e‘mnmg’
2 Scheduling

i Control

Planning
I'his phase involves a listing of tasks or jobs that must be performed to

complete a project under consideration. In this phase. men, machines and
matenials required for the project in addition to the estimates of costs and

durations of various activities of the project are dlso determined
!

.

Scheduling

lhis phase involves the laying out of the actual activities of the
projects in a logical sequence of ime in which they have to be performed.

Men and material requirements as well as the e:.pected completion
tiee of each activity at each stage of the project are aiso determined
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Control
This phase consists of tc\'lewing the progress of the projec whether
the actual performance is according to the planned schedule and finding ,
the reasons for difference, if any, between the schedule and performance. -

The basic aspect of control 1s to analyse and correct this difference by
taking remedial agtion wherever possible.

PERT and CPM are especially useful for scheduling and controlling.
7.2 Basic Terminologies

Activity

b 1S a task or_an item of work to be done 1n a project. An
actuvity cons

umes resources like time, money, labour etc. o

‘.-\n‘acti\'ily 15 represented by an arrow with a node (event) at the
bf:gu‘mmg and a node (event) at the end indicating the start and
lermination (finish) of the activity. Nodes are’ denoted by circles. Since
tl}ls 1S a logical diagram length or shape of the arrow has no meaning. The
dlrec‘tlon indicates the progress of the activity. Initial node and the
Fermmql node are numbered as 1 — J (J > 1) respectively. For example If A
1S the activity whose initial node is i and the terminal node 1s j then it is
denoted diagrammatically by )

A

O 5

The name of the activity 1s written over the arrow, not inside the
circle. The diagram in which arrow represents an activity is called arrow
diagram. The inital and terminal nodes of activities are also called il
and head events.

I‘f'an activity B can start immediately after an activity A then it is- -

denoted by
A B

0
A is called the immediate predecessor of B-and B is called the
immediate successor of A. If C can start only after completing activities

A and B then it is diagrammatically represented as follows :

-

-
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- the activities F, D, E
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Fre. 3
dbviously form “loop which s obviously not possible in any rea|
¢t network L'

Only one activity should conpect any two nodes.

No dangling should appear in a
Y except the terminal node of th
"V emanating from it
of the project to avoid

project network / ¢ no node of any
€ project should be left without any
Such a node can be joined to the terminal

1t

may be numbered using the rule given below :
ord and F, u[kérson K3 Ru'le) .
Number the start node which'has no predecessor activity. as |

Delete all the activities emanating from this node |

Number all the resulting start nodes without any predecessor as

Delete ail the activities originating from the start nodes 2 30 0 in

Number all the resulting new start nod

es without any predecessor
‘the last number used in step (3).

Repeat the process until the terminal node without any successor
is reached and number this terminal node suitably

: If there are five acti'vi'ties P-,‘Q, R, S gnd T such that
have no immediate pl:‘e_&ecessors butSand T hav'f: immediate
ors P, Qand Q,R respectivelvy:‘-Reprmnt this situation by a
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Solution ©

Fig 4

D, and D: are dummvy activities

\" [ Example 2|: Draw the network for the project whose activities

and their precedence relptionships' are given below:

Activity i : P Q R S T U
Predecessor : - - - P.Q. .P.R Q,R
Solution : l '

S —
———

. Fig. 5

?
D,. Dy, D3, D4y are dummy activiti(?s

[Example 3|: Draw the network for the project whose activities

with their predecessar relationships are given below:
A,C,D can start simultaneously ;.E > B, C ; F, G>D; H,1>E,F;
J>1,G;K>H;B>A. e | -
Seolution : |dentify the start activities i e.. activities which have no
predecessors They are A, C and D as given. These three activities should
start with the same start node. Also identify the tenmnal‘aguwtles-—
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r [I_'Zxamplc-il: Construct the network for the project  wiheose
4

activities and their relationships are a4 given below:

¥ Activities . AL DL F can start simultafeoushs

Activities . B, C>A: C.F>D.C; H>EC.F.
Solution :  Start acuvitie, are A 1)1 |

End activities are 1 (, B

o The required netwaork s

I—;g'?,

Note : See how the nodes of the activity F are numbered Can we
number Cas2 4andFasd - 3" $
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Fig 17 ,

Fig I8

7.4 Network Computations
(Earliest Completion time of a Projec

It is obvious that the completion tme of the
important things to be calculated kmowing the durations of each acuvity.

In.real world situation the duranon of any activity has an element of
uncertainty because of sudden unexpected shortage of labour, machines,
materials etc. Hence the completion time of the project also has an -
element of uncertainty. We first consider the situation where the duration
of each activity 1s determimistic without taking the uncertainty into

t and Critical path)

project 1s one of the very

account.
10

() IS
‘ A
The above diagram represents an activity whose direction is 10 time

units (hours or days or weeks or months etc)
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| Exampie 1]: Compute the cartiest start, earfiest finish latest sta

and latest imsh ot each activity of the project given below :

Activity -2 . | 24 7.5 14 Al
liur:;linn -

(in days) 8 vy 10 ; , :
First draw the network

Fig 19
We take the earliest time of all the stan activities as zero

_ &
So earhiest starts of | 2Jand | - 3 are 2ero
To find earliest start of 2 4.

The activity 2~ 4 can st

irt only after finishin
activity | - 2 '

g the only preceding
2 1.e., after 8 days, - 3

. Earliest start of 2 - 4 IS 8 days. Similarly earliest start of 2 - § i5°
also 8 days. ' |

Similarly earliest start of 3 - 4 1s 4 days

To find the earliest start of 4-5 we fi

rst notice that the activity 4 - §
has more than one predecessor and also the activity 4 — S can start only
after finishing all its preceding activities. :

There are two paths leading to0 the activity 4 — 5 - namely | -2 - 4
which takes 18 days and | -

- 3 — 4 which takes 9 days. Obviously after 18



gl |

| 3 3 N34 can be finjg)
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Earliest srart of 4=-218 = |

est start of an activiy 17 can be denoted 4 ES
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8.4.18.10,9. 21 respectively

can also be calle

| L of ;15 got by adding the dury, |
Earliest finish 0 I, lon

activity denoted by 7, I

Fig. 20

Obviously earliest completion time of the project is 2] gy Ihe
greatest number among all these since all the activities can be ﬁmshcdr
only after 21 days.

Formula for Earliest Start of an acnvny [/ In a project network 15|
given by

ES; = Max (ES;+ t;;] where

ES; denotes the earliest start time of all the activities emanating from:

node / and lj is thé estimated duration of the acﬁvity i—J..

To compute the latest finish and latest start of each activﬁy

The method used here is called backward pass calculation since We |
start with the terminal activity and go back to the very fi f rst nodc

We first calculate the latest fi inish of each activity as follows

 Latest finish of all the terminating (end) activities is taken & the |

‘arliest completion time of the . project. Similarly latest finish of all d"

o N S M e ra as .?:zma-&mmwe:ln% . MM



ities 1s obviously taken as the same as the earliest start of these

the latest finish of the terminal activities 2 -5 and 4 - 5 are 2|
is the earliest completion time of the project.

finish of the activity 2 — 4 and 3 — 4 are 21 — 3 = 18 days.

inishof I =315 18 — 5 = 13 days

the latest finish of the activity | - 2. we observe that the
2 has more than one successor activity. Therefore the latest
he activity | - 2 1s the smaller of the two numbers
and 18 — 10 = 8. 1.e. 8 days.

test finish of an activity can be denoted by LF, or LF . It can
the latest occurrence of the event j.

rt of each activity is the latest finish of that activity minus the
at activity

(V5]

start of the activities 4 - 5. 2 -5.2 -4, 3 -4 |
1. 18, 18, 13, 8 respectively. '

Fig. 21

for the latest start time .of all the activities éng'nating‘from
the activity / —j ,LS; = Min [LS; — ¢;] for all'defined i -

re t;; is the estimated duration of the ‘activity i —j.

bulate the results and represent these earliest and latest
the events in the network diagram as follows :-

14

.
e



Fig 22 .
Earliest Latest
Activit Dl;::tioh Start | Finish EF | StartLS | Finish
ys ES | BP=ES#4, | LF-y LF

} =2 8 0 8 0 8
-3 4 0 4 9 13
2-4 10 8 18 8 18
P 5 2 8 10 19 21
3 d 5 4 9 13 18
4-5 3 18 21 I8 . 21

Note : For small networks, it is not difficult to draw the network with
E and L values calculated directly by looking at the diagram itself and
constructing the table given above.

Critical path : Path, connecting the first initial node to the very last
terminal node, of longest duration in any project network is called the

Critical path.

All the activities in any critical path are called Critical activities.
Critical path is | — 2 — 4 — 5. usually denoted by double lines. (Ref fig. 22)

Critical path plays a very important role in project scheduling

problems.
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7.5 Floats !

t{V[qﬂzﬂlLﬂauLuf an activity (T.F) s defined as the difference bety, [
< A ’ - g . N . ' o 1
9 the tatest finish and the earliest finish of the activity or the d'”lrrcn
betweei the latest start and the earliest start of the activity |

' I'otal float of an activity -/ (LF), - (EF), !_
x ! e o m ¥
; = (LS),-(ES),. Y » ‘
or 47 i _J ,

Total float of an activity is the amount of time by wh_ich'that particy|f
activity may be delayed without affecting the duration of the projem
Ws positive then it may indicate that the resources '!'Or\tﬁeﬁactivj[
are more than adequate. If the total float of an activity is zero | Mag
indicate that the resources are just adequate for that activity. If the [oty

©at is negativé it may indicate that the resources for that activity g,

Inadequate
Note - (L — E)ofan event is called the slack of the event; ¥ r
. . . » {
Slack is defined for an event whereas float is defined for an activity|
Some authors ys

i
e these as the same.

-

There are three other types of tloats for an activity, namely. Free float
Independent float and Iinterference (interfering) float. ‘

_free Float of an activity (F.F.) is that portioh of the total float which
Caﬁ be used ﬂ_)r r_eschedui@ng that activity without affecting the succeeding
* activity. It can be calculated as follows - .
Free float of an ac‘gvity'/ --/ = Total float of ; —_/‘—\(‘L\;\_kE) of the event J
- Total float of —/ — Slack of the heaa\even‘tj '
Total float of I - J — 3lack of the head event |
where L = Latest dccurrence

E = Earliestoccurrence . ?
Obviously Free Float < Total float for any activity.

Independentfloar (1.F) of an activity is the amount of time by which
the activity can be rescheduled without affe
succeeding activities of that activity.”

Independent float of an activity / — / = Free float of / - j - (L -E) of
event /.

P = Free float of / — j — Slack of the tail event /.
Clearly,

cting the preceding or .

Independent float < Free float for any activity
Thus I.LF < FF < TF.

L__; o dwota s 1.
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Explanation : 1o find the 1otal float of 72 3

Total loat of (2 3) “ (LF EF) of (2 3 ) 15 12 = 3 from the
table against the activity 2 3
I‘?rcc Floatof (2 3) Total floatof (2 3) (. F)ofevent 3
5 (15 12) from the figure for event 3 - 0 -
Free Floatof (F 5)  Totalflpatof (1 5) (1. F)ofevent 5
(21 12) * (21 17y from the figure for event S
9 -4 S

In(_iependenl,ﬂoal of (1 - 5)  Free float of (] %) (L-E)ofevent |

5.(0 0)-5

Important Note : Note that all the critical activities have their total
float as zero. In fact the critical path can also be defined as the path of
least (zero) toral floatr. As we have noticed total floar 15 3 for the activity

2 3. This means that the activity 2 3 can be delayed by 3 weeks

without delaying the duration (completion date) of the project

Free float of 3 4 1s 3. This means that the activity 5 -4 can be
delayed by 3 weeks without affecting its succeeding activity 4 — 6.

Independent float of | -5 is 5 means that the activity | -5 can be
delayed by 5 weeks without affecting its preceding or succeeding activity.
Of course | - 5 has no preceding activity. -

Uses of floats - Floats are useful in resource levelling and resource
allocation problems which will be discussed in the last section of this
chapter. Floats give sonte flexibility in rescheduling some activities so as
to Smoothen_ the level of resources or allocate the {imited resources as best

as possiblé.

(,[

xample 4
activities are given below and compute the
independent float of each activity and hence determine the critical
path and the project duration. :
Activity 0 - | )

* Duration _

(in weeks) 3 8 12 6 3

: Construct the network for the project whose
total, free and

1-3 . 2-4 2-5

Activity 3-4 3 6
Duration ‘
(in weeks) 3 3 8

Qo
wn
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- 4________,_'____________._.-_,__—?____-——‘—-,-",-——7-"__
. T Earlies! Latest | D S
| —“—‘"’—"’"—"_ , e L FF
i F_.\:-i,"\“i'g."— | puration _'_,Sls_a_rtl_ﬁl_fimsh_ Stard l__ﬂﬂlf_h‘_,__u_—-—____b——#
~ 1-2] 5 5 |0 s | 0 T
BT RO R R o
p |23 2 | s | 7 | s | 7 L0t
7 [2-6] 12 | S 17 | 13 | 25 B} B
T C | 2-7] 10 5 s | 23 | 33 | 18 | 18
6 | 3-8 & 1:7 12 | 12 | 17 5 5
F | 3-4 4 .| 7 T 7 [ 0 0
H | 4-5 6 T (7 T 17 0 0
K | 4-6 9 [ 20 16 25 5 5
J | 5-6| 8 17 25 17 | 25 o | 0
E | 6-7 8 25 33 25 33 0 0
“2-3-4-5-6-7 :

Critical path : 1~

- 7.6 Programme Evaluation Review Technique : (PERT)

This technique, unlike CPM, takes into account the uncertainty of

project durations into account.
PERT calculations depend upon the following three time estimates.

Optimistic . (least) time estimate P (1, or a) is the duration of any

activity when everything goes on very well during the project. i.e.,
labourers are available. and come in time, machines are working properly,
money is available whenever needed, there is no scarcity of raw material

needed etc.




_ Pessimistic (greatest) time estimat ; . or b) 1s the duration of any
_ Pessimistic (greatest) lime estimate A(’I’ .’r ) . | f
Jw tivity when almost every thing goes against our will and a lot o

activ st . '

difficulties is faced while doing a project.

e i . : is the tion of any activity
" Most likely time estimale v (1, or m) is the dura y

N h metimes things go on very well, sometimes things-go on very bad
when so $

while doing the project.
‘Two mzlin assumptions made in PERT calculations are
(1) The activity durations are independent 1 ¢ the time required 1o
complete an actuvity will have no bearing on the completion
times of any other activity of the project.
(1) The activity ddrations follow B - distribution

B distribution s a probability distribution with density E“n;\t/ioanr
l, 2 . ’ ] t | f r ([ (
k(t — a)* (b - )P with tnean by * _7)(21,” i 5(1“ 1!))J ,.a”d the

s

P i b i B
| standard deviation o, - ‘%—L /
PERT Procedure o jm'"" -
L (1) Draw the project net work [ orwr k@1 |
r 4 5 ol |
(ot 4L, + .
(2) Compute the expected duratron of each activy T 5 j

Y
' DIy £, = s\ 2P
. i p 0 | o 4
3) Compiute the ex ectedivariance g2 - - of each activity.
p P _ 6 i

(4) Compute the earliest sltart, earliest finish, latest start, latest finish
- and total float of each activiry. -
(5).. Determine the critical path and identify critical activities.
(6) Compute the expected variance of the Project length (also called
the variance of the critical path) o2 which is the sum of the

_variances of all the critical activities.

(7) Compute the expected standard deviation of the project length G,
. T - T
and calculate the standard normal deviate - where
e J L._______i____,-;
. Ts = Specified or Scheduled time to complete the project

Tt = Normal expected project duration

“§- = Expeéted Standard deviation of the project_le}\gth.
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~ 7.7 Basic differences between PE
PERT

-
L)

CPM

I

(¥

')I‘R ] dnd {\}“
1S cén estimate the probability of com
M B \ |
;;\m 1 specified ume? using the normg) c
i \l Wi L
PrOJRN

tables ) | -
™). (3) are vahd because of assumption (jy). (
e (<L L

because of assumption 4/
LS SRS

PERT was developed wn a brand nc‘\‘\ R and“‘D\‘F!’rqwc;
consider and deal with the uncertainties associated
projects Thus the project duration s regarded as
variable and therefore probabiliies are calculated
characternise 1t

tmphasis 1s given 0 imponant stages ot completion
rather than the activities required to be performed (o
particular event or task in the analvsis of network e

Aelwork s essentially an event - oriented network

PERT s usually used for projects in which time estim M
dncertain: Example - R & D acuvities which are usual!?{
repetitive. '
PERT helps in identifying critical areas in a project %
suitable  necessary adjustments may be made

0 me
scheduled completion date of the project.

CPM was developed for conventiona| projects like constn

project which consists of well known routine rtasks
resource requirement and duratijon \

CPM s used for projects
Fepetitive in narure.

historical



Conslruct the network for the project “’hOSf
ctivities and the three time estimatesg of these activities (in weeks) are
s.'en below: Compute

~(a) Expected duration of each activity

(b) Expected variance of each activity

-

(c) Expected variance of

the project length

Activity L ' - { N
S T Sy et 5

23 I | 2 3

2-4 T 4

T O R T g if

4 =5 | o 3 >

4 =6 e ~ 5 L

e N T SR e s

6 —7 | | 6 7 =

7 - 8 2 .. 4 £

7-9 b g > g
9 —10 3 2 |

Solution : (a) & (b)




C B
AcCtivits 7 ‘/-" L . — i
— 2=t 2
| 1-2 1| 3 | 4 : 4 I 9= 0.11ncar
1 ) | p. 3 P
r 2 4 . = - - - o S -
4 - { ’ il - y=0_11
| - g | - a =
-t . - - b £ 3=
e : _: ) o : : '
Y_4 -6 3 3 7 = .
R ] 19 =0.44
] P — o e
| 2 3 > s 3
| 6 - 7 6 7 % 7 4
7 _ g ~ . 9=0.11
| 7 - 2 4 P 1 -
— : - *o=10.44
| 7 -9 R 5 > =
- - | EE ¥ N -
Ll j ]
£—-10 4 P2
- i | 6 | 8 4 9=0.44
9 10 5 | S 7 > ‘o= (.44
Critical-path 1-2 4 -6 7 -8 10. Expected Project duration = 20 weeks
/c) Expected variance of the project length Sum of the expected
variances of all the critical activities
j 4 1 3 4 5 < : -
6°9°3°5°9°3 ¢ g -3 I
or (011 -011 -044-011 -044 13 = § 32 - 033 639

= :
“TExample 2): The following table indicates the details of 2 project.

The durations are in days. "¢’ refers to optimistic time. ‘m" refers to

most likely time and ‘b’ refers to pessimistic time duration. ;

Activity 1-2  1-3
T R 3
m 4 4

Draw the network

(a)
() Find the critical path

14 3-5 +-5

V2
Ve

[P
LN

th

.



Solution :

Critical patly | -2 -4 5

Expected Project duration = 17.83 days

: i ) | l
Expected variance of the comoletion time = 2 ta "

Activity a b di?:ﬁzled Expected
Nl variance &2
1 -2 2 5 3.83 1/a
_—_——_—‘_‘-—"__-ﬁP_—
bag 3 3 6 4.17 !
B e SO 4
| -4 4 6 5 |
P S s ] o 9
4 =4 ® H g1 1
4
2 =5 6 I i e T
e Gl T l
I-§ | 2 4 3 1
' 9
7 =8 £ 7 4.83 25
\J\ 36

o

5

3

u'-&s
W

. : ' 43
=xpected standard deviation of the completion time -‘-\/;6—— 1.09 nearly




